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MATHEMATICS 
ON THE STABILITY OF CIRCULAR MOTIONS IN THE FIELD 
OF TWO FIXED CENTRES 
BY 
0. BOTTEMA 
(Communicated by Prof. W. T. KorTER at the meeting of February 29, 1964) 
§ l. 1 ntroduction 
M1 and Mz are two fixed centres, with mass m1 and mz. A particle P 
of mass m which can move freely in space is attracted by them according 
to Newton's law. We consider the special motion where P describes, with 
constant angular velocity, a circle 0 in a plane V which is orthogonal to 
the line M1M2, the centreS of 0 being on M1Mz. The stability of such 
a motion has been investigated recently by DEGTIAREV 1). In § 6 we 
show that the criterium given by him can be simplified very much, so 
that general statements about the stability may be made. 
Before doing so we study the set of circles 0 for which a stationary 
motion of P is possible. 
§ 2. The centres of circular motion; general case 
We take the origin 0 of a cartesian frame in the middle of M 1M 2 and 
the X-axis along M 2M 1, so that Ml=(d,O,O), M 2=(-d,O,O) with 
d>O. The intersectionS of the plane V and the X-axis is (u, 0, 0) and 
the radius of the circle in V with centreS is R(u); M1P=r1, MzP=r2, 
SM1=d-u=u1, M2S=d+u=uz. We suppose the attraction constant in 
Newton's law to be unity (fig. 1). 
We do not want to exclude the case that a mass is negative. It gives 
no restriction if we suppose m > 0, m12 > m22. In order that P describes 
the circle 0, with a suitably chosen angular velocity w, the following 
conditions must obviously be satisfied 
(1) 
and 
(2) 
From (2) it is seen that no solution exists if m1 and m2 are both negative 
1) V. G. DEGTIAREV, On the stability of circular motions in the problem of 
two fixed centers, Journal of Applied Mathematics and Mechanics (translation of 
the Soviet Journal), 26, no. 4, 1174-1177 (1962). 
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Fig. 1 
and from (1) we read that u1u2 must be positive if m1 and m2 are both 
positive and that u1u2 < 0 if m1m2 < 0. 
Therefore: no circular motions are possible if m1 and ~ are negative; 
for m1>0, ~>0 all centres 8 lie between M1 and M2; if m1 and m2 have 
different signs then the centres 8 are outside the segment M 1M2· 
We consider first the case which will be called the general case: m12>~2. 
If m1 and~ are both positive, then m1u1 and m2u2 are positive and from 
( 1) it follows 
(3) 
and in view of R2=r12-u12=r22-u22 we obtain 
(4) (m2u2)% u12- (m1 u1)% u22 R2 = -'----:--'---:-:,...--;---:-(ml u1)%- (m2u2)% 
For a real solution the right~ hand side of ( 4) must be positive. 
We introduce a point 81 on M1M2 for which 
(5) 
(6) 
81 and 82 are different points and the order on the X-axis is M2 8182 M1. 
At 81 the numerator of ( 4) is zero and at 82 the denominator. The result is: 
the necessary and sufficient condition for 8 to be the centre of a circular 
motion is that 8 is either between M2 and 81 or between 82 and M1. 
In both cases we find a real value of Rand a real value of w from (2). 
We remark that 81 is the point of static equilibrium for the particle P; 
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it is on the left-hand side of the origin 0, Sz is between 0 and MI. Elimina-
ting m1 from (1) and (2) we obtain 
(6) 
from which it follows that for real solutions we have always m2ui > 0 
and therefore miuz > 0. Hence if mi < 0, mz > 0 all points S are on the 
left-hand side of M z, and for mi > 0, mz < 0 all points S are on the right-
hand side of MI. Hence in both cases miUI<O, mzuz<O and therefore 
instead of (3): 
(7) 
from which it follows 
(8) RZ = (-mzu2)%u12 - (-miui)%u22 ( -m1ui)%- ( -miui)% 
We introduce a point Sa, for which 
(9) 
and a point s4 for which 
(10) 
Sa (which is the point of static equilibrium) is on the left of M 2 and S4 
is on the right of MI. In view of (8) the conclusion reads: if mi < 0, m2 > 0 
then the centres S of circular motion are the points between Sa and M 2; 
if mi > 0, mz < 0 then they are the points between M I and S4. 
§ 3. A diagram for the general case 
The three sub-cases (mi>O, mz>O; mi<O, mz>O; mi>O, mz<O) of 
the general case (mi2>m22) may be combined into one diagram by 
squaring both sides of ( 1); the equation is then rationalized and may be 
written as follows 
(11) 
In the (u, R)-plane it represents a curve K of order eight. 
K intersects the line at infinity at the isotropic points, each counted 
three times, and moreover in a node D, being the point of the R-axis. 
The tangents at D are the two asymptotes a'l: 
(12) 
which pass through S2 and S4. An asymptote intersects K four times 
at D, the other points of intersection being imaginary. K has nodes at 
MI and Mz, it passes through SI and Sa. The two lines l'l with the equation 
304 
u,=O (i=l, 2) have six finite points of intersection with K, all coinciding 
with M,. The shape of K may be seen from fig. 2, where lm1/m2l = 9 has 
been taken. 
Fig. 2 
For m1 < 0, m2 > 0 we have to deal with the part of K on the left of ~, 
for m1>0, m2>0 the diagram consists of the two branches between ~ 
and l~, for m1 > 0, m2 < 0 the acting part is on the right of h. In all cases 
the diagram gives us the value of R if u is given. 
§ 4. The special case m12 = m22 
The curve K is now degenerated in the line at infinity, the R-axis and 
a curve Kl of the sixth order, the equation of which is 
~ (R2+u2+d2)3-3(R2+u2+d2)2(d2+u2) + 
(l3) ( + 12d2u2(R2+u2+d2)-4d2u2(d2+u2) = 0. 
K1 is symmetric with respect to the R-axis, it passes twice through the 
isotropic points and has the asymptotes R = ± u v'2; for its points of 
intersection with the R-axis we have R= ± dV2. The curve is drawn in 
fig. 3. In the special case the points S1 and S2 coincide with the origin, 
Sa and S4 are at infinity. For each value of u there is one real value of R, 
with the exception of u=O for which R is arbitrary. 
If m1=m2 we have to deal with the part of the diagram between l1 
and l2; if m1 = - m2 < 0 the active part is on the left of l2 and form1 = - m2 > 0 
it is on the right of h, the latter cases being now, of course, equivalent. 
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Fig. 3 
§ 5. Stability of the circular motion 
To describe the position of the moving particle P we make use of the 
cylinder coordinates x, r and cp (fig. 4). The kinetic potential is 
(14) 
z 
X 
Fig. 4 
The cyclic coordinate cp gives rise to the first integral 
(15) 
and Routh's function F =L-c¢ is therefore 
(16) 
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We consider now the stationary circular motion of P for which x=u, 
r=R, ¢=w, where u has a given value and Rand w are determined by 
(1) and (2). Then c=R2w; we eliminate ¢ and linearize by means of 
x=u+~, r=R+e, ~ and e being small variables. 
We have 
and in the same way 
_1 __ .!_ _ Re+uz~ _ e2 +~2 ...!___ 2 
PM - 3 2 3 + 2 s (Re+u2~) + .... 2 ~ ~ ~ ~ 
Furthermore 
In view of all this and making use of (1) and (2) we find for F after adding 
an unessential constant: 
(17) 
We see that Routh's function is a quadratic function of the coordinates 
and the velocities in this case, but that it does not contain mixed terms. 
This means that in our problem the small oscillations about the steady 
circular motion are those of a natural system in WHITTAKER's termino-
logy 2). The consequence is that in the equations of motion no gyroscopic 
terms occur. The stability question is of a simple type, for it is now 
known beforehand that all roots of the frequency equation are real. 
From (17) the Lagrangian equations ;t ~~- ~~ = 0 for q=~ and 
or q = e follow: 
(18) 
2) E. T. WmTTAKER, A treatise on the analytical dynamics of particles and 
rigid bodies, 4th ed. (New York, 1944), p. 57. 
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Hence the frequency equation 
(19) ).4 + 2A ;.2 + B = 0 
with 
(20) 
and 
As the roots of (19) are real and A> 0, the condition for the roots to be 
negative, which is the condition for a stable motion, reads 
(22) 
and this is equivalent to DEGTIAREV's criterium 3); his expression looks 
somewhat more complicated, but may be simplified easily. 
§ 6. Reduced form of the stability criterium 
As B is a homogeneous quadratic form of mi we are able to remove 
these variables from the inequality (22) by means of the relation (1), 
which may be read m1 =ku2r13, m2 =ku1r23, k being a (positive) constant. 
The result is 
(23) 
and we are now able to test the stability by the variables R and u only. 
It is easy to give the stability criterium a more geometric form. We 
make use again of rt2 =R2 +ui2 and the last factor then reads r12r22 - 9u12u22 • 
This expression must be positive in order that the motion be stable. 
If we introduce the angles PM1M2 =tX1 and PM2M 1=tX2 (fig. 5) then we 
have the theorem: if the particle P has a circular motion, then this is stable 
only if 
(24) cos2 lXI • cos2 tX2 < 1/9. 
p 
~ 
M2 0 Mt 
3) DEGTIAREV, I.e., formula 2.4. 
21 Series A 
Fig. 5 
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We can draw a curve 0 in the (R, u)-plane, which is the borderline between 
stable and unstable regions; the equation of 0 is 
(25) 
0 is a curve of the fourth degree which is given in fig. 6. It has the 
two real asymptotes R= ± u V2, two nodes at M1 and M 2 respectively, 
the branch tangents being R = ± 2 V2 Ut, and it intersects the axis of 
symmetry u = 0 at R = ± d V2. The figures 2, 3 and 6 give a full account 
of the possible circular motions and their stability. If m1 and m2 are 
given numerically the formulas (4) or (8), and (24) allow to determine 
the circular paths and to verify whether the motion is stable. 
Fig. 6 
If m1 > m2 > 0, we read from the pictures that there is stability if S 
is immediately on the right of M 2 or on the right of 8 2• For m1m2 < 0, 
m12=!=m22 a similar conclusion may be drawn. If we look at the figures 3 
and 6 we conjecture that for the special case m12=m22 the curve Kl with 
the exception of the points u1 = 0, u2 = 0, u = 0 is entirely in the stable 
region. This is easily confirmed analytically. If u1 > 0. u2 > 0 we have 
for m1 = m2 and U1 =I= u2: 
or, if we put 
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Hence 
R4 + (u12 + u22) R2- 8u12U22 = w1 w2(w14 + 2w13 w2 + 2wl w23 + w24 - 6w12w22) = 
= wlw2{(w12-w22)2+2wlw2(w1-w2)2} > 0 
and the motion is stable. Therefore, in the field of two equal positive 
centres the circular motions for u =1= 0 are all stable; for u = 0 the motion 
is stable if R > d V2. For m1 = - m2 all possible circular motions are stable. 
§ 7. Frequencies of oscillations about stable motion 
In the case of stability equation {19), which has then negative roots 
for A.2, gives us the frequencies of the small oscillations about the motion. 
Making use of (23) we find 
and thus for the two frequencies w1 and w2 we obtain 
w12 = w2(l- 3 cos £X:l cos 1X:2) , w22 = w2(l +3 cos 1X:1 cos £X:z) 
the right-hand sides being positive in view of (24). 
